VII. Sampling Distributions

A. Some Important Definitions (reminders)

1.Population - Collection of all possible elements of
interest

2.Census - Collection of the values for all variables of
interest that correspond to all elements of a population.
The size of the census (number of elements in the
population) is usually denoted N

3. Parameter - A summary measure used to describe values
of a variable (i.e., a characteristic) for the entire
population

4.Sample - a collection of elements that comprise a subset
of the population. The size of the sample (number of
elements to be included) is usually denoted n

5. Statistical Inference - using data obtained through
sampling to estimate the value of or test a hypothesis
about a parameter (i.e., use of inductive logic)

6.Sampling With Replacement - selection of sample
objects where a sample object is returned to the
population after selection (and could possibly be chosen
again)

7.Sampling Without Replacement - selection of sample
objects where a sample object is not returned to the

population after selection (and cannot possibly be chosen
again)

B. Methods of Sampling

Simple Random Sampling - each possible sample of size
n chosen from a population of size N has an equal
probability of being selected - this is the most common
and straight-forward of all probability sampling
methods.

Stratified Random Sampling - a probability sampling
method for which we divide the population into
homogeneous strata and take a simple random sample
from each strata




Cluster Sampling - a probability sampling method for
which we divide the population into heterogeneous
clusters (usually by proximity) and take a census from
randomly selected clusters.

Systematic Sampling - a probability sampling method for
which we randomly select the first element then
subsequently select every kth element.

Convenience (Chunk) Sampling - a nonprobability
sampling method for which elements are selected on
the basis of their ease of collection.

Judgement Sampling - a nonprobability sampling
method for which elements are selected on the basis of
the sampler’s opinion of their appropriateness.

C. Point Estimation

1. Point Estimate - a single numerical value used as an
estimate of a parameter.

2. Point Estimator - the sample statistic that provides the
point estimate of a parameter.

Some point estimators (and the parameters they
estimate) include

Parameter Point Estimator
1% x
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3. Precision - the exactness of an estimator.
4. Accuracy - the correctness of an estimator.

What is the relationship between precision and
accuracy?

Point estimators are
- Perfectly precise

- Almost certainly inaccurate




5. Desirable Characteristics of Point Estimators

Unbiasedness - the expected value of the sample
(point) estimators (statistic) equals the population
value (parameter)

What estimator would ever be biased?
Sample Maximum is a biased estimator of Population Maximum!

Suppose you have a population that consists of the
four values 2, 5, 3, 9. The population maximum is
obviously 9.0.
Now take each possible sample of 3 elements (without
replacement) and find the sample maximum for each:
S,=1{2,5,3, max=50 S,={2,5,9}, max=9.0
S; =12, 3,9}, max =9.0 S, =1{5, 3,9}, max =9.0
The mean of these estimates is 8.0, which does not
equal the population maximum of 9.0!

Are there any other biased estimators?
Sample Median is a biased estimator of Population Median!

Suppose you have a population that consists of the five
values 1, 2,19, 20, 21. The population median is
obviously 19.0.

Now take each possible sample of 4 elements (without
replacement) and find the sample median for each:
S, =11, 2,19, 20}, my =10.5 S,=1{1, 2,19, 21}, my =10.5
S;=1{1, 2,20, 21}, my; =11.0 S,=1{1,19, 20,21}, my; =19.5
S;=1{2,19, 20,21}, my =19.5

The mean of these estimates is 14.2, which does not
equal the population median of 19.0!

So what is an example of an unbiased estimators?
Sample Mean is an unbiased estimator of Population Mean!

Suppose you have a population that consists of the five
values 1, 2,19, 20, 21. The population mean is 12.6.

Now take each possible sample of 4 elements (without
replacement) and find the sample mean for each:
S;=1{1,2,19,20},x=1050  S,={1, 2,19,21},x=10.75
S,=1{1,2,20,21}, x=11.00 S, ={1,19,20,21},x=15.25
S5 =1{2,19, 20, 21}, x = 15.50

The mean of these estimates is 12.6, which does equal
the population mean of 12.6!

This will always be true for any unbiased estimator (no
matter what the sample size)!




Are there any other important unbiased estimators?

Sample Proportion is an unbiased

estimator of Population Proportion!
Suppose you have a population that consists of the five
values A, B, B, A, B. The population proportion of A is
p = 2/5 = 0.40.
Now take each possible sample of 4 elements (without
replacement) and find the sample proportion of A for
each:

S, =1{A, B, B, A}, p=050 S,=1{A, B, B, B}, p=0.25
S,={A,B,A,B},p=050  S,={A,B, A, B},p=050
S;=1{B, B, A, B}, p=0.25
The mean of these estimates is 0.40, which does equal

the population proportion of 12.6!

Again, this will always be true for any unbiased
estimator (no matter what the sample size)!

a1

. Desirable Characteristics of Point Estimators
(continued)

Consistency - the probability that the value of the
point estimate falls within some given range about the
parameter increases to 1 as the sample size grows

=)}

. Sampling Error - the difference between an unbiased
point estimate and the actual value of the parameter
being estimated

D. Sampling Distributions

1. Sampling Distribution - the probability distribution
associated with a statistic. The most commonly used
sampling distributions are those for X and p .

2. Standard Error - the standard deviation of a sampling
distribution (i.e., of a statistic).




3. The Sampling Distribution of the Sample Mean - the
probability distribution associated with all possible
values of the sample mean X .

- the expected value of this distribution is p (i.e., E[x]=
W=H) and is sometimes denotedp .

- the standard deviation (also called the standard error)
of this distribution is

if the population is ‘infinite’ in the statistical sense, i.e.

2 <o.05
N

Example: Suppose we have a very small population of the
five elements 1, 5,7, 7, and 10:
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Suppose we throw a die one time. and record the value
we obtain on each toss. How many potential outcomes
are there?

$={1,2,3,4,5,6}

Since each of these outcomes is equally likely, the
probability of any single outcome is

% = 0.166666




f(x) PROBABILITY DISTRIBUTION

for the outcome of a single toss of a fair die

5/6 —
46 7 What probability distribution best describes this
random variable (outcome of the toss of a single die)?
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X (die outcome)

Here is a hint:

Y xef1,2,3,4,58
f(x)=
0 otherwise

It is a discrete uniform distribution!

The mean and standard deviation for this probability
distribution are

;.1=E(x)= E x£f (x)
1 1 1 1 1 1
=—(1)+—(2)+— —(4)+— —(6)=3.
6( 1! )+6(3)+6( )+6(5)+6(6) 3.5

and

6
o= Z(x—u)zf (x)

x=1

1 2,1 2,1 2
=—(1-3.5)"+—(2-3.5)°+=(3-3.5
6( ) 6( ) 6( )

+%(4—3.5)2+%(5—3.5)2+%(6—3.5)2=2.91667,

c=+oc?=1.708




Now suppose we throw a die two times. How many
potential outcomes are there?

This can be a Multiple-Step Experiments for which the
number of steps is k = 2. Then the number of potential
outcomes is:

(0,)(y) () =ng*n, = 6x6 =36

where n; represents the number of potential outcomes
on the jt trial.

Since each of these outcomes is equally likely, the
probability of any single outcome is

i=0.02777
6

Now suppose we are interested in the mean of the sides
showing on our two tosses.

The mistake that most people make when calculating
probabilities for such a problem is that they think of the
sample space divide by 2 to

calculate the
Sx= Sy =(2,3,4,5,6,7,8,9,10,11,12)

sample mean
as uniformly distributed instead of considering the original
sample space, which is
divide the sum by 2 to

calculate the sample mean\

Sxx, =11,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,2),(2,3),(2,4),(2,5),(2,6),
(3,1),6,2),5,3),(3,4),5,5),3,6),41),42),43),4,4,45),46),
(5,1),(5,2),(5,3),(5,4),(5,5),5,6),(6,1),(6,2), (6,3),(6,4), (6,5), (6,6)}

The sample space for the sum (or the mean) mean of the
faces of two die could be represented graphically by

How many ways are there to roll two die at get a sum
of 3 (i.e., a mean of 1.5)?

...80Pr[X; + X, = 3]
=Pr[X=15]
=2/36 = 0.0555

..soPr[X; + X, = 8]
=Pr[X=4.0]
=5/36 = 0.1388

How many ways are there to roll two die at get a sum
of 8 (i.e., a mean of 4.0)?




The sampling distribution for X = the mean of the faces of
two die could be represented graphically by

f(x) SAMPLING DISTRIBUTION

for the mean outcome of two tosses of a fair die
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The probability distribution function for the mean
outcome when throwing two dice looks like this:
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0.0 otherwise

The original population for this problem is the
collection of possible values for a single thrown die.
The mean and standard deviation for this distribution
are p=3.50 and 6=1.708.

Thus the sampling distribution for the mean of the
outcome when the die is thrown twice has a mean and
standard deviation of

and

67=i=ﬂ=1.208

= m T 2

But what would happen if we increase the number of
tosses per trial to three?




SAMPLING DISTRIBUTION

f(x) for the mean outcome of three tosses of a fair die
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Y16 ¥ =1.00
The probability %16 i =1.33
distribution function %16 x=1.67
for throwing three dice 1%16 X =2.00
looks like this: 15 06 X=2.33
20 T=2.67
2506 X =3.00
27706 % =3.33
£(x) 21,7 %= 3.67
25/  ®=4.00
116 % =4.33
216 X =4.67
216 ¥ =5:00
516 % =5.33
516 X =5.67
216 x=6.00
0.0 otherwise

But how is this random variable (the mean of the
outcomes of three thrown dice) distributed?

Central Limit Theorem - when selecting a simple
random sample from a population, the sampling
distribution of X can be approximated by a normal
probability distribution as the sample size becomes
large no matter how the original population is
distributed.

We can assume that any sample of at least n = 30 is
sufficient to assure that the central limit theorem will
force the potential values of X to be normally
distributed.

Why does this happen?

- If the original population (of random variable x) is
normal
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But what if the original population (of random variable x)
is not normal?

£ (x) I

£(%) 0

n=
n= 2
n=10
n=20
n=230

So what are the ramifications for the dice problem (or any
other problem)?

- If the sample size is sufficiently large (n > 30, i.e. a single
trial consists of at least 30 tosses) then we can use the
normal probability distribution to describe probabilities
for potential values of the sample mean!

- Even if the original (parent) population is extremely non-
normal, we can still talk about the probability that the
sample mean will be within a given range (if n > 30). Since
we are usually much more interested in summary statistics
(such as the mean) as opposed to individual observations,
this result is very powerful!




Remember what happened when we simply increased the

number of flips per trial to 3 and calculated sample means?
f(x) SAMPLING DISTRIBUTION
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What if we increase the number of flips per trial to 4?
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for the mean outcome of four tosses of a fair die
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Example: If we toss the die 40 times, the mean and
standard deviation of X will be

py = 3.5
and

c 1.708
0o, = — = = 0.270
* Vn a0

What is the probability that the mean value will be:
between 3.25 and 3.50?

P(3.25< % < 3.50) = 9[3'25' 3.50 o x-py 3.50- 3'50]

0.270 oy 0.270
~ P(-0.93<z <0.00)=0.3238

less than 3.25?

P(X<3.25)=P(-0<xX<3.25)
_(-w—3.50<§—%g3.25—3.soj

0.270 = o, 0.270
~P(-0<z<0.93)
=0.1762
between 3.25 and 3.60?

P(3'2_%;53'60)=[3.25—3.50<x—y?gs.so—3.50]

0.270 o, 0.270
=P (-0.93<2<0.37)
=P(-0<2<0.37)-P(-0<z<-0.93)=
=0.6443-0.1762=0.4681

Tolerance Interval - a range of values of a random
variable that contains a specified proportion of a
population. These are often derived so they are symmetric
wrt the center of the variable’s probability distribution.

What interval, symmetric about the mean, will hold 95%
of all possible values of x?

Let’s define
* The proportion of population elements not included in
the tolerance interval to be a (this notation will be
useful later).
* The values of the standard normal variable z that
produce such an interval to be -z, and +z,.




Graphically, we have that

£(%) 0.5-0/2=0.475 0.5-0/2=0.475
«/2=0.025 interval oif interest «/2=0.025
A
4 ; N
d By ? x
~Zy 0 Zy> z

First, we need to determine the appropriate values for
-z, and +z.,.

At this point we are going to use the inverse standard
normal function (i.e., we are going to use the standard
normal table in reverse).

Why? We have been using the tables to find the
cumulative area under the standard normal curve for a
given value of z - now we wish to find the value of z that
results in a given cumulative area under the standard
normal curve!

Let’s start with finding +z_, What cumulative area under
the standard normal curve do we want to include?

it
() 0.9750
0.5-a/2
0.5000 =0.4750
AL A
\

By ? x
0 Zy, z

So we need to find the value of z that corresponds to a
cumulative area under the standard normal curve of 0.9750.




The Cumulative Standard Normal Distribution (Appendix B, Table 1)

z 0.00 0.01 0.02 0.03 0.04 0.05 5,06 0.07 0.08 0.09
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 |0 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 |0 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6064 0.6103 0 6141
0.3 0.6175 0.6217 0.6255 0.6293 0.6331 0.6368 |0 0.6443 0.6480 0 6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 |0 0.6808 0.6844 06879
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 |0 0.7157 0.7190 0.7224
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 |0 0.7486 0.7517 0.7549
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 |0 0.7794 0.7823 0.7852
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 |0 0.8078 0.8106 0.8133
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.5289 |0 0.8380 0.8365 0.8389
1.0 0.8413 0.8435 0.8461 0 8485 0.8508 0.8531 |0 0.8577 0.8395 0 8621
111 0.8643 0.8665 0.8686 08708 0.8729 0.8743 |0.577d 0.8790 0.8810 0.8830
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 |0 5967 0.8980 0.8997 0.9015
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 |0.9131 0.9147 0.9162 0.9177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 |0.9279 0.9292 0.9306 0.9319
1.5 09332 0.9345 0.9357 0.9370 0.9352 0.9394 |0.540q 0.0418 0.9425 05441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 |0 9519 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9552 0.9591 0.9599 |0 5604 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 |0 5654 0.9693 0.9695 0.9706
‘L ‘J 713 0.9718 0.8726 0.9732 0.8738 0.9744 0.9756 0.9761 0.9767
05777 U STTE U S7ET U-STEE U STSE U STIE0TSE03 0.9808 09812 0.9817
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0 9890
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.3 0.9918 0.9520 0.9922 0.9925 0.9527 0.9925 0.9931 0.9932 0.9934 0.9936
205 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9945 0.9945 0.9951 0 9952
2.6 0.9953 0.9955 0.9956 0.0957 0.9953 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 0.9965 0.9966 0.9967 0.0968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
...s0 we have that
£lx) 0.9750

.

Pz X
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0 1.96 z

Now we need to find the appropriate value of -z,,.

By symmetry of the standard normal distribution, we have

£(x)

-1.96

Now we need to find the actual values of x that correspond

to these values of z.




How will we find the actual values of xthat correspond to
these values of z? By inverting the z transformation!

X - —_ —_
z=¢—> 20, =X-|1, > P, +zo, =X
0?
and
- X-R, =% .
-Zz= —* 5 -Z0_ =X-}1, > N, -20, =X
0?
i.e.

By symmetry of the standard normal distribution, we have

£(%) 0.5-a/2=0.475 0.5-a/2=0.475
«/2=0.025 interval oif interest «/2=0.025
A
< ; R
Hy-20% Px B,+20¢ x
-1.96 0 1.96 z

All we need to do now is substitute the appropriate values
of p, o, and z.

By substitution the appropriate values of p, ¢, and z, we
have _

X=p,tzo,
3.50+1.960(0.270)

(2.9708,4.0292)

which can also be written

P(,ui—zalzai Siﬁ,ui+zunai):1—a, i.e.,

P[3.50-1.960(0.27 0)<X<3.50+1.960(0.270)]=1-0.05
or

P[2.9708 <®¥<4.0292]=0.95

So the (symmetric) interval of interest is (3.056, 3.944).

Note that the value of 1 - a for a tolerance interval is
frequently referred to as the ‘tolerance level.’




By symmetry of the standard normal distribution, we have

£(x)

interval of interest
P[2.9708<%<4.0292]=0.95

a N
2.9708 P 4.0292 x
-1.96 0 1.96 z

We could do this for any level of tolerance and for
asymmetric intervals.

4. The Sampling Distribution of the Sample Proportion -
the probability distribution associated with all
possible values of the sample proportion p.

the expected value of this distribution is p.

the standard deviation (also called the standard error)
of this distribution is

o, = [p(1-p)
n

if the population is “infinite’ in the statistical sense, i.e.

2 <o0.05
N

Another Version of the Central Limit Theorem - when
selecting a simple random sample from a population,
the sampling distribution of p can be approximated by
a normal probability distribution as the sample size
becomes large (here we will consider n to be sufficient
to assure that the central limit theorem will force the
potential values of p to be normally distributed if

- np25and
- n(1-p) >5.




Example: If we toss a fair coin 35 times, what is the
probability that we will get at least 20 heads?

The mean and standard error of p are

E(p)=p=0.50
and

GE:\/p(kp) :\/0.50(170.50):0_084515
n 35

Since our sample can be considered ‘sufficiently
large,” i.e.,, np 25 and n(1-p) = 5, we know that pis
approximately normally distributed.

Using the standard normal probability distribution, we
have that

o, 0.084515

I
L]
I~ —
"m
]
o
v

0.5714—0.50]

=1.000-0.7995

=0.2005
Note that we could have used the binomial distribution to
answer this question exactly (with a lot more effort) - the
binomial distribution yields the (exact) answer of 0.24978.

The difference between the exact answer of 0.24978 and
the approximate answer of 0.2005 from the normal
distribution will get smaller as the sample size increases.

5. The Finite Population Correction Factor (fpcf) - if the
sample size n is large relative to the size of the
population N (n is at least 5% of N) the standard error
must be adjusted downward. This is accomplished
through multiplication of the standard error by the
fpcf, which is

fpcf =




Thus, if the population is ‘finite,” i.e.,% > 0.05, the
standard error of the sample mean becomes

and standard error of the sample proportion becomes

o = [p(1-p) [N-n
F n N-1




