IX. Two-Sample Hypothesis Testing

A.

1.

A Few Important Definitions

Independent Simple Random Samples - two (or more)
simple random samples taken in such a way that the
observed values in one sample are unrelated to the
observed values in the other sample(s).

2. Matched (Dependent) Simple Random Samples - two
(or more) simple random samples for which for every
element in one sample corresponds to a unique identical
element in the other sample(s).

The sampling approach taken will determine, to a large
extent, how one can compare two populations.

B. Differences between Means of Two

Populations - Independent Samples

Let 4, be the mean of population 1 and 4, be the mean of
population 2

We can write the difference between the two population
means as 4 - f, .

To make a point estimate of the difference between the
two population means g, - 4, we take independent
samples of sizes n, and n, from the two populations and
calculate

n, n,
Xi1 in,z
1 i=1

n, n,

o

X=X, =

The point estimate X, - X, has a sampling distribution
with the following characteristics:

Expected Value: E[X, -X,|=p, -,

o} o)
Standard Deviation:o, . = [++—2%
e nl nZ

where
o, is the standard deviation of population 1
o, is the standard deviation of population 2

If both samples are large (n; = 30 and n, = 30) or a small
sample is drawn from a normal parent population, the
sampling distribution of X, -X,is approximately normal.




This sampling distribution can be used to build
confidence intervals and test hypotheses for the
difference between the two population means x4, - &, :

1. Interval Estimate of the difference between the two
population means g - &, - Large Sample Case (n; = 30
and n, 2 30) or the populations are normal, and we
know the population standard deviations o, and o,

(X:-X,)*2,,0

X1-Xp
where 1 - a is the confidence coefficient.

Note we rarely know the population standard
deviations o; and o,, and so consequently we rarely
know the standard deviation of the difference
between the two population means o _ _
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Example: Suppose we wish to assess the difference in
incomes earned by Whatsamatta University accounting
and marketing majors ten years after they receive their
bachelors degrees at the 95% level of confidence. From
historical records, the Whatsamatta U. Alumni Relations
Department knows the standard deviation of incomes
earned ten years after graduation for their alumni with
undergraduate degrees in accounting and marketing are
15,000 and 20,000, respectively. The Alumni Relations
Department collects independent random samples of
accounting and marketing majors who graduated ten
years ago and records information about each selected
alumnus. The data on current incomes collected by the
Alumni Department are provided on the following
slide.

Accounting Marketing
$65,510  $74,290 $56,870 $97,440  $89,060 $77,650
$92,810 $77,560 $106,600 $102,910  $88,840 $88,600
$70,100 $69,160 $65,530 $89,080  $55,100 $53,570
$82,240  $85,130 $94,280 $90,470  $76,920 $66,050
$113,390  $97,950 $66,820 $114,560  $81,920 $54,810
$109,880 $61,820 $60,210 $96,060  $82,150 $63,980
$98,090 $66,770  $65,460 $108,040 $112,330 $71,140
$70,780  $64,150 $44,720 $124,140  $100,840
$112,270  $78,390 $88,140 $113,930  $59,700
$85,020  $57,390  $60,960 $75,340  $93,690
$56,100  $62,840 $77,920 $97,370  $116,750
$100,900 $92,880 $95,210 $99,600  $159,800

$78,080

$72,800

$91,490

$76,510

$97,180




Since we are interested in assessing the difference in
mean incomes of the two groups, we do know the
population standard deviations 6, and Gy, and we
have taken large (n,cr 2 30 and nyyr = 30) independent
random samples of the two groups, we can build a
confidence interval for the difference between the two
population means u, c - > >

(iACT - Xyt ) 2,005, 5o whereo, . = Zacr + Tuix.

. Naer Mykr

Since we have

Macr

2% 3 070,509

Xacr = =78,731.00, 5., = 15,000
nACT 3
§MKT
Xyixr = ;1 =% 9735’ 522 _90,167.33, Gyuer = 20,000
MKT
and / . . s .
oy = [Facry Owr \/ 15,0007, 20,000 _ 4 559,71
'ACT “*MKT VnACT nMKT 39 33
and
Z(A,’Z = ZOAUS/'Z = ZU,OZB = 1‘96
«+.SO0

(iACT - iMKT) * Zu,’z(’*

=(78,731.00 - 90,167.33) + 1.96(4,229.71)
=-11,436.33 + §,290.23
=(-19,726.6,-3,146.1)
95% of all confidence intervals estimated in a similar
manner on random samples of the same size taken from

these two populations will contain the true value of
Hacr - Bukr (note that this interval does not contain 0).

2. Hypothesis Testing of the difference between the two
population means g - &, - Large Sample Case (n, = 30
and n, 2 30) or the populations are normal, and we know
the population standard deviations o, and o,:

- Null and Alternative Hypotheses

Hy: -y (£=2) D, Hip - (<#>)D,

- Appropriate Test Statistic




Example: Suppose we wish to test that there is no
difference in incomes earned by Whatsamatta
University accounting and marketing majors ten years
after they receive their bachelors degrees at an o = 0.05
level of significance. From historical records, the
Whatsamatta U. Alumni Relations Department knows
the standard deviation of incomes earned ten years after
graduation for their alumni with undergraduate degrees
in accounting and marketing are 15,000 and 20,000,
respectively. The Alumni Relations Department collects
independent random samples of accounting and
marketing majors who graduated ten years ago and
records information about each selected alumnus. The
data on current incomes collected by the Alumni
Department are provided on the following slide.

Accounting Marketing
$65,510  $74,290  $56,870 $97,440  $89,060 $77,650
$92,810 $77,560 $106,600 $102,910  $88,840 $88,600
$70,100  $69,160 $65,530 $89,080  $55,100 $53,570
$82,240  $85,130  $94,280 $90,470  $76,920 $66,050
$113,390  $97,950 $66,820 $114,560  $81,920 $54,810
$109,880  $61,820 $60,210 $96,060  $82,150 $63,980

$98,090 $66,770  $65,460 $108,040 $112,330 $71,140
$70,780  $64,150 $44,720 $124,140 $100,840
$112,270  $78,390 $88,140 $113,930  $59,700

$85,020 $57,390  $60,960 $75,340  $93,690
$56,100 $62,840 $77,920 $97,370  $116,750
$100,900 $92,880 $95,210 $99,600 $159,800
$78,080 $72,800 $91,490 $76,510  $97,180

* State the Null and Alternative Hypotheses
H: Bacr = Myvier =0
H,: macr - Byxr 20

* Select the Appropriate Test Statistic - n,cr = 39 > 30 and
Nyt = 33 2 30, and we know the population standard
deviations 6 ¢y and oy, SO use




* State the Desired Level of Significance o, Find the
Critical Value(s) and State the Decision Rule

a=0.05 and we have a two-tailed test, so Zop = +1.96
f(z) 0.5-0/2=0.475 0.5-a/2=0.475
@/2=0.025 a/2=0.025

95% Do Not
Reject Region

Reject Region RejestRegion
Dy ~2y/Sy, ., D,=0 Do +%,/ 55, Racr ™ Kyger
~2,,=41.96 0 +z,,=1.96 z

Decision rule - do not reject H, if -1.96 <z <1.96
otherwise reject H,

¢ Calculate the Test Statistic
(i Y:MKT)—D0 N (78,731.00-90,167.33)-0

act

z =

\/o;cT , Ohar \/15,0002 , 20,000
nACT n]WKT 39 33
_11,43633 _ .0,

4,229.71

* Use the Decision Rule to Evaluate the Test Statistic and
Decide Whether to Reject or Not Reject the Null
Hypothesis

“Zp X252, ,ie, -1.96 £-2.704 <1.96

so reject H, - There is strong evidence of a difference in
mean incomes earned by Whatsamatta University
accounting and marketing majors ten years after they
receive their bachelors degrees .

Again note we rarely know the population standard
deviations o, and 6, (Why not?) - fortunately, sample
standard deviation are very reliable estimators of
population standard deviations - if the sample is
reasonably large, we can directly substitute s for o!

3. Interval Estimate of the difference between the two
population means g, - y4, - Large Sample Case (n, > 30
and n, 2 30) and the population standard deviations
o, and 6, are unknown:

2 2
_ s; s
- 1 2
(X, -X,) 2,8, 5, wheres, | = |—L+-2
nI nZ

and 1 - a is the confidence coefficient.

Since both samples are large, the sample standard
deviations s, and s, are very good estimators of the
population standard deviations o; and 6,, and so are
directly substituted without any adjustment.




Example: Suppose we wish to assess the difference of
incomes earned by Whatsamatta University accounting
and marketing majors ten years after they receive their
bachelors degrees at the 95% level of confidence. The
Alumni Relations Department collects independent
random samples of accounting and marketing majors
who graduated ten years ago and records information
about each selected alumnus. The data on current
incomes collected by the Alumni Department are
provided on the following slide.

Accounting Marketing
$65,510  $74,290  $56,870 $97,440  $89,060 $77,650
$92,810 $77,560 $106,600 $102,910  $88,840 $88,600
$70,100  $69,160 $65,530 $89,080  $55,100 $53,570
$82,240  $85,130  $94,280 $90,470  $76,920 $66,050
$113,390  $97,950 $66,820 $114,560  $81,920 $54,810
$109,880 $61,820 $60,210 $96,060  $82,150 $63,980

$98,090 $66,770 $65,460 $108,040 $112,330 $71,140
$70,780  $64,150 $44,720 $124,140 $100,840
$112,270  $78,390 $88,140 $113,930  $59,700

$85,020 $57,390  $60,960 $75,340  $93,690
$56,100 $62,840 $77,920 $97,370  $116,750
$100,900 $92,880 $95,210 $99,600 $159,800
$78,080 $72,800 $91,490 $76,510  $97,180

Since we are interested in assessing the difference in
mean incomes of the two groups, we don’t know the
population standard deviations 6, and oy, and we
have taken large (n,cr 2 30 and nyyr = 30) independent
random samples of the two groups, we can build a
confidence interval for the difference between the two
population means 4, o1 - My

2 2
_ _ s S
— [Sacr MKT
(XACT - Xymer ) + Zo5S 5, Fon where St = \/i
ACT MKT

Since we have
2 % _ 3,070,509

i=1

=178,731.00

X =
ACT
IlACT 3

_ & 975,502

X = =90,167.33
. Mgy 33




and

2 2
s = [Sacr 4 Smkr
Xact XMkt
nACT nMKT

where
Nacr _ 2
Z (XACT,A - X.\cr)
g2 ==
ACT n- 1
_ (65,510-78,731.00)" +(92,810 - 78,731.00)" +---+ (91,490 - 78,731.00)’
39-1
=17,527.9305
and
ik _ 2
Xk, = Xwikr )
g2 =_izl
MKT n- 1
_ (97,440-90,167.33)" +(102,910 - 90,167.33)" +---+(71,140 - 90,167.33)"
33-1
=22 708.1202
SO
2 2 2 2
7,527. 708.
[y S =\/1 527.9305° | 22,7081202° _ oo 0
ATV A N Dyger 39 33
and

Zy2 = Zogs)a = Zogos = 1.96

...and so ’
(iACT - §MKT) 2028 %, cr-samcr
=(78,731.00 - 90, 167.33) + 1.96(4, 848.06)
=-11,436.33+9,502.20
=(-20,938.5,-1,934.1)
Note the interval now wider - this is because our
estimated standard deviations s, and sy are each

larger than the population standard deviations 6, and
Oncr they are estimating (why?).

4. Hypothesis Testing of the difference between the two
population means g - &, - Large Sample Case (n, = 30
and n, 2 30) or the populations are normal, and the
population standard deviations o, and o, are unknown

- Null and Alternative Hypotheses

Hyp-m, (£=2)D, Hpp -, (<#>) D,

- Appropriate Test Statistic

z:<il _iz)_Do (il 'iz)'Do

*17%p




Example: Suppose we wish to test there is no difference
in incomes earned by Whatsamatta University
accounting and marketing majors ten years after they
receive their bachelors degrees at an o = 0.05 level of
significance. The Alumni Relations Department collects
independent random samples of accounting and
marketing majors who graduated ten years ago and
records information about each selected alumnus. The
data on current incomes collected by the Alumni
Department are provided on the following slide.

Accounting Marketing
$65,510  $74,290  $56,870 $97,440  $89,060 $77,650
$92,810 $77,560 $106,600 $102,910  $88,840 $88,600
$70,100  $69,160 $65,530 $89,080  $55,100 $53,570
$82,240  $85,130  $94,280 $90,470  $76,920 $66,050
$113,390  $97,950 $66,820 $114,560  $81,920 $54,810
$109,880 $61,820 $60,210 $96,060  $82,150 $63,980

$98,090 $66,770 $65,460 $108,040 $112,330 $71,140
$70,780  $64,150 $44,720 $124,140 $100,840
$112,270  $78,390 $88,140 $113,930  $59,700

$85,020 $57,390  $60,960 $75,340  $93,690
$56,100 $62,840 $77,920 $97,370  $116,750
$100,900 $92,880 $95,210 $99,600 $159,800
$78,080 $72,800 $91,490 $76,510  $97,180

* State the Null and Alternative Hypotheses
H: Bacr = Myvier =0
H,: macr - Byxr 20

* Select the Appropriate Test Statistic - n,cr = 39 > 30 and

Nyt = 33 230, and we do not know the population
standard deviations c,¢p and Gy, S0 use

_(Rar~Fige) Dy _ Ry~ Fger

Sxm'xm \/SACT + “MKT SMKT

Nyer Dyyr




* State the Desired Level of Significance o, Find the
Critical Value(s) and State the Decision Rule
a=0.05 and we have a two-tailed test, so Zop = +1.96

£(z) 0.5-a/2=0.475 0.5-a/2=0.475

Q/2=0.025 a/2=0.025

95% Do Not
Reject Region

Reject Regietr RejeetRegion
Dy —Z,/55 , D,=0 Do +%,/ 55, Kacr ™ Kger
~2,,=41.96 0 +2,,=1.96 z

Decision rule - do not reject H, if -1.96 <z <1.96
otherwise reject H,

£(z) 0.5-0/2=0.475 0.5-0/2=0.475

/2=0.025 a/2=0.025

95% Do Not

Reject Region
- — \
D, - [Sxix, D, = 0 D, + oS- oo = Kyger
“z,,={1.96 0 +2, =1.96 z

¢ Calculate the Test Statistic
(iACT = R yxr ) -D, (78, 731.00 - 90, 167.33) -0

z = =
Shcr 4 Suxs \/17,527.932 . 22,708.12*
N,er MNyo 39 33
_11,436.33 _ , 359
4,848.061

¢ Use the Decision Rule to Evaluate the Test Statistic and
Decide Whether to Reject or Not Reject the Null
Hypothesis

2§22, , i€, -1.96 £-2.359 <1.96

so reject H, - there is strong evidence of a difference in
mean incomes earned by Whatsamatta University
accounting and marketing majors ten years after they
receive their bachelors degrees.




What if we are unable to obtain large samples? How do
we then build confidence intervals for the difference
between the two population means g, - i, :

5. Interval Estimate of the difference between the two
population means g - 4, - Small Sample Case (n,; <
and/or n, < 30), the populations are normal, and
population standard deviations o, and o, are known
and equal

2 2
_ _ ot ,0o" _ | L1 1
(xl-xz)izﬂﬁzox‘_xthereoxl_x:—\/+—\/0 [—+—

n, n,

where 1 - a is the confidence coefficient.

Example: Rheal Toor works in the assessment office of
Biendo Parish. In order to better understand the
differences in property taxes collected in the two major
cities in his parish (West Liberty and East Liberty), Mr.
Toor wants to assess the differences in square footage of
homes in the two cities at the 99% level of confidence.
From historical records, Mr. Toor knows the square
footage of homes in West Liberty and East Liberty are
each normally distributed with a standard deviation of
2,100. He has collected independent random samples of
square footages for homes in West Liberty and East
Liberty and recorded this information. These data are
provided on the following slide.

West Liberty East Liberty
15520 16280
14200 13510
12950 12950
18100 17400
11550 18900
16500 18000
12050 16500
12075 12850
14900 15000
15650 17950
12500 16800

17500




Since we are interested in assessing the difference in
mean incomes of the two groups, we do know the
population standard deviations oy, and o, (and they
are equal), but we have taken small (ny,; <30 and ng <
30) independent random samples of the two groups that
are known to be normal, we can build a confidence
interval for the difference between the two population
means iy - Mg
(X, =X ) £ 2,1,05,, 5, where oy o = o’ (i +Lj
. Ny, N
Since we have

Ny

2% _ 156,997

= =1

Xy =—— =14,272.45, o, =2,100
n\VL
YEL
Xy = =2 =w=16,136.67,0EL =2,100
11EL
and
O =4/ (i+ij = 21000 L+ L =g76.50
Ny  Ng 1 12
and

z 2 = ZO.Ul/'Z = ZUAOOS = 2'57

«+.SO0
(Xwe, - X ) £ 2,05 5
=(14,272.45-16,136.67 ) + 2.57(876.59)
=-1,864.21+2,252.84
=(-4,117.1,388.6)

Again note we rarely know the population standard
deviations o, and 6, (Why not?), and so consequently we
rarely know the standard deviation of the difference
between the two population means o _

17X

6. Hypothesis Testing of the difference between the two
population means 4, - &, - Small Sample Case (n, < 30
and/or n, < 30), the populations are normal, and the
population standard deviations o, and o, are known and
equal

- Null and Alternative Hypotheses

Hy: -y (£=2) D, Hip - (<#>)D,

- Appropriate Test Statistic

z— (il_iz)_Do _ (21 ‘Rz)‘Do
1

X%




Example: Rheal Toor works in the assessment office of
Biendo Parish. In order to better understand the
differences in property taxes collected in the two major
cities in his parish (West Liberty and East Liberty), Mr.
Toor wants to test his belief that homes in the East
Liberty are at least 2000 square feet larger than homes in
West Liberty at the o = 0.01 level of significance. From
historical records, Mr. Toor knows the square footage of
homes in West Liberty and East Liberty are each
normally distributed with a standard deviation of 2,100.
He has collected independent random samples of square
footages for homes in West Liberty and East Liberty and
recorded this information. These data are provided on
the following slide.

West Liberty | East Liberty
15520 16280
14200 13510
12950 12950
18100 17400
11550 18900
16500 18000
12050 16500
12075 12850
14900 15000
15650 17950
12500 16800

17500

* State the Null and Alternative Hypotheses
H: pyyy = pgr < -2000
H: pyr - pge > 2000

* Select the Appropriate Test Statistic - nyy; =11 < 30 and
ng; =12 < 30, the populations are normal, and we know
the population standard deviations oy, and oy (and
they are equal), so use

(¥ ~%e)-Dy _ (% =% )-D,

ZzZ=

XWX




* State the Desired Level of Significance o, Find the
Critical Value(s) and State the Decision Rule

0=0.01 and we have an upper-tailed test, so z, = 2.33
£(z) 0.500 0.500-0=0.490

a=0.01

99% Do Not
Reject Region

D, = +2000 D, AL Kacr ™ Kger

0 +z=2.33 z

Decision rule - do not reject H, if z<2.33

otherwise reject H,

¢ Calculate the Test Statistic
3 (EWL -Xg )— D, (14,272.45 -16, 136.67)- (-2000)

\/02[1+1J \/21002[l+i]
nV\'L nF.L 11 12

135.79
876.59

z

¢ Use the Decision Rule to Evaluate the Test Statistic and
Decide Whether to Reject or Not Reject the Null
Hypothesis

z<z,,ie,015<2.33

so do not reject H, - there is insufficient evidence to
conclude the homes in East Liberty are at least 2000
square feet larger than homes in West liberty.

What if we are unable to obtain large samples and we
don’t know the population standard deviations o, and
6,? How do we then build confidence intervals for the
difference between the two population means x4, - &, :

7. Interval Estimate of the difference between the two
population means g, - &, - Small Sample Case (n, <
and/or n, < 30), the populations are normal, and
population standard deviations ¢, and &, are
unknown but known to be equal

2 2
. %4 h N Y |
(XI_XZ)*tu/'Z‘dfsil-izw eresi,-iz_ —+t—= Sp —+—
n, n, n, n

1 2
(nl '1)55 +(nz '1)S§

n,+n,-2

2 _
.‘;mdsp =

where 1 - a is the confidence coefficient and df=n,+n,-2
are the degrees of freedom.




Example: Rheal Toor works in the assessment office of
Biendo Parish. In order to better understand the
differences in property taxes collected in the two major
cities in his parish (West Liberty and East Liberty), Mr.
Toor wants to assess the differences in square footage of
homes in the two cities at the 99% level of confidence.
From historical records, Mr. Toor knows the square
footage of homes in West Liberty and East Liberty are
each normally distributed with similar variation. He has
collected independent random samples of square
footages for homes in West Liberty and East Liberty and
recorded this information. These data are provided on
the following slide.

West Liberty | East Liberty
15520 16280
14200 13510
12950 12950
18100 17400
11550 18900
16500 18000
12050 16500
12075 12850
14900 15000
15650 17950
12500 16800

17500

Since we are interested in assessing the difference in
mean incomes of the two groups, we do not know the
population standard deviations oy, and o (but have an
indication they are equal), and we have taken small (ny,
<30 and ng; < 30) independent random samples of the
two groups that are known to be normal, we can build a
confidence interval for the difference between the two
population means s, - gy :

(X - X ) oS5, 5, Wheres, = s [ 1 +LJ
. Ny Ng
Since we have
i“’[
Xy =L = 156,997 _ 14,272.45
nH’L 11
il-.l
X, =il = 193,640 =16,136.67

EL
nEI 1




where

Ny

2 (x5 )

Sw. =

Ny, -1
_ [(15,520-14,272.45)" +(14,200- 14,272.45)" +---+ (12,500 - 14,272.45)’
\ 11-1
=2,052.94

and

ngy

Z(th,x - itl)z

s =
EL ﬂFI _ 1
B \/(16,280— 16,136.67)° +(13,510-16,136.67)" +---+(17,500 - 16,136.67)°
12-1
=2,080.03
«..S0

2 _ (nWL - l)S‘ZNL +(nﬂ- - 1)512_"‘
Ny + Ng - 2
) 2
(11-1)2057.94" + (12-1)2080.03" _, ..
11+12-2

and

= e[ v L= f20672 l+ij=862.s7
w5 1 12

XwL-X
Ny N

and

tonar = tooyzinrs = togosm = 2831

«..S0
(iWL - iEL) x tq/z‘dfsim_-im
=(14,272.45-16,136.67) + 2.831(862.87)
=-1,864.21+2,481.63
=(-4,345.8,617.4)

Note the interval now wider - this is because our
estimated standard deviations sy; and S, are larger
than the population standard deviations oy,; and oy
they are estimating (why?).




8. Hypothesis Testing of the difference between the two
population means g - 4, - Small Sample Case (n; < 30
and/or n, < 30), the populations are normal, and the
population standard deviations o, and o, are unknown
but known to be equal

- Null and Alternative Hypotheses

Hy: -y (£=2) D, Hip - (<#>)D,

- Appropriate Test Statistic

%, -%,)-D
e=ER) D e = e [L,Lj
S%.%, ) n, n,
ands = 115 (1)

n, +n,-2

Example: Rheal Toor works in the assessment office of
Biendo Parish. In order to better understand the
differences in property taxes collected in the two major
cities in his parish (West Liberty and East Liberty), Mr.
Toor wants to test his belief that homes in East Liberty
are more than 2000 square feet larger than homes in
West Liberty at the a=0.01 level of significance. From
historical records, Mr. Toor knows the square footage of
homes in West Liberty and East Liberty are each
normally distributed with similar variation. He has
collected independent random samples of square
footages for homes in West Liberty and East Liberty and
recorded this information. These data are provided on
the following slide.

West Liberty East Liberty
15520 16280
14200 13510
12950 12950
18100 17400
11550 18900
16500 18000
12050 16500
12075 12850
14900 15000
15650 17950
12500 16800

17500




¢ State the Null and Alternative Hypotheses
H,: pyy = b 2 -2000
H.: pyr - pg <-2000

* Select the Appropriate Test Statistic - nyy; =11 < 30 and
ng, =12 < 30, the populations are normal, and we do not
know the population standard deviations oy, and oy
(but we know they are equal), so use

X, —X; )—-D 1 1
t:@ wheres; o= s? 4
1%, Pl n n
R WL EL

2 2

ny; -1)sy; +(ng -1)s;

andsf,=( WL ) WL ( EL ) EL

nWL+nEL-2

* State the Desired Level of Significance o, Find the
Critical Value(s) and State the Decision Rule

a=0.01 and we have a lower-tailed test, so z, = -2.33
£(t) 0.500-a=0.490 0.500

a=0.01

99% Do Not

. . Reject Region

D,-t, ;0. D, = +2000 Koy~ Ky

%%, 0

£, =-2.831

0 t

Decision rule - do not reject H, if z 2 -2.33
otherwise reject H,

¢ Calculate the Test Statistic
(X - %5, )-D,  (14,272.45-16,136.67 ) - (-2000)
Zz =

\/s2[1+1] \/2067.132(i+ij
Ny, Ng 1 12

_135.79 _ 0.16
862.87

¢ Use the Decision Rule to Evaluate the Test Statistic and
Decide Whether to Reject or Not Reject the Null
Hypothesis

z2-7,,i.e., 0.162-2.33

so do not reject H, - there is insufficient evidence to
conclude homes in East Liberty are at least 2000 square
feet larger than homes in West Liberty.
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C. Differences between Means of Two
Populations - Matched Samples

Define a new variable d where d; = x;, - x;, and let », be
the population mean of 4, i.e.,
N

idi Z(Xi,l - Xi,Z)

—i=1 =l

N N
To make a point estimate of the mean difference
between matched observations d, - d, we take a sample
of size n matched observations and calculate

Ha

The point estimate d has a sampling distribution with
the following characteristics:

Expected Value: E[a} =y

Standard Error : 0, = 0%7 = n
n n

If the sample of matched observations is large (n = 30) or
a small sample is drawn from a normal parent
population, the sampling distribution of d is
approximately normal.




This sampling distribution can be used to build
confidence intervals and test hypotheses for the mean
difference between the matched observations y;:

1. Interval Estimate of the population mean difference
between matched observations u, - Large Sample
Case (n 2 30) or the population is normal and the
population standard deviation o4 is known:

-4 04
+z,,0,=d*z,, /In

where 1 - a is the confidence coefficient.

ol

Note we rarely know the population standard
deviation 6,4 and so consequently we rarely know the
standard deviation of the mean difference between
the matched observations o.

Example: Suppose we wish to assess the difference of
actual diameters of holes drilled with a 3 cm. bit into 4
inch thick disks of stainless steel with machines
supplied by two manufacturers, Driller Inc. and Hole-
Maker Ltd, at the 90% level of confidence. We plan to
allow each of 36 employees to drill one hole with a 3 cm.
bit into a 4 inch thick disk of stainless steel with one
machine supplied by each manufacturer. From historical
records, we know the standard deviation of the
differences in holes drilled with a 3 cm. bit into 4-inch
thick disks of stainless steel by an employee with
machines provided by the two suppliers is 0.100. The
actual diameters of the thirty-six holes drilled by the
employees with each machine are provided on the
following slide.

Driller Inc. Hole-Maker Ltd

Emp Diam| Emp Diam| Emp Diam Emp Diam| Emp Diam| Emp Diam
Num (cm.)| Num (cm.)| Num (cm.) Num (cm.)| Num (cm.)| Num (cm.)
42 291 59 3.02 63 298 | | 42 2.98 59 31 63 3.14
18 3.02 | 163 294 | 144 284 | | 18 293 | 163 290 | 144 31
37 292 | 299 2.88 | 177 3.00 L 37 3.02 | 299 3.00 | 177 3.08
125 295 | 178 294 | 260 3.04 125 3.04 | 178 3.05 | 260 2.96
98 3.01 | 105 289 | 204 294 : 98 297 | 105 3.06 | 204 2,99
211 3.04 88 3.01 161 289 | 211 3.01 88 3.20 | 161 3.09
57 3.00 | 123 293 | 194 3.04 | | 57 3.07 | 123 3.00 | 194 297
186 2.89 | 136 2.98 26 306 | | 186 3.02 | 136 3.07 26 298
142 297 | 112 3.04 | 133 3.02 | | 142 3.09 | 112 297 | 133 3.14
8 297 | 237 299 94 2.95 8 298 | 237 297 94 2.99
245 294 | 256 292 | 145 295 [ 245 296 | 256 3.14 | 145 3.1
139 291 40 298 | 203 3.04 [ ] 139  3.07 40 2.95 | 203 3.08




Since we have matched observations (an individual
employee drills a hole with each of the two machines
supplied) we first must calculate d; = x; p; - X; ;1 for each
employee:

Diameter Diameter Diameter
ployee (em.) ployee (cm.) p (em.)
42 -0.07 59 -0.09 63 -0.16
18 0.09 163 0.04 144 -0.27
37 -0.10 299 -0.12 177 -0.08
125 -0.09 178 -0.11 260 0.08
98 0.04 105 -0.17 204 -0.05
211 0.03 88 -0.19 161 -0.20
57 -0.07 123 -0.07 194 0.07
186 -0.13 136 -0.09 26 0.08
142 -0.12 112 0.07 133 -0.12
8 -0.01 237 0.02 94 -0.04
245 -0.02 256 -0.22 145 -0.16
139 -0.16 40 0.03 203 -0.04

Since we are interested in assessing the mean difference
in holes drilled with the two machines by the
employees, we do know the population standard
deviation o4, and we have taken a large (ng = 36 > 30)
random sample of matched observations, we can build a
confidence interval for the mean difference in the holes
drilled with the two machines by the employees y;:

d+ Z,205
Since we have
n 3
d=+L_= 240 _ -0.0667
n 36
and
- =%/ _=0100/ _ =0.01667
4= ="
and
Z,) = Zogon = Zggs = 1.65
...50
d+ Z,203
=-0.0667 + 1.65(0.01667)
=-0.0667 +0.0260

=(-0.09417,-0.03917)

90% of all confidence intervals estimated in a similar
manner on random samples of the same size taken from
this population will contain the true value of n  (note
that this interval does not contain 0).




2. Hypothesis Testing of the mean difference between
matched observations y,; - Large Sample Case (n = 30) or
the population is normal and the population standard
deviation 6, is known:

- Null and Alternative Hypotheses

Ho: p’d (S = Z) DD Ha: 51 (< # >) DD

- Appropriate Test Statistic

d-D -D
=370 _d-D,

Example: Suppose we wish to test that there is no
difference in actual diameters of holes drilled with a 3
cm. bit into 4 inch thick disks of stainless steel with
machines supplied by two manufacturers, Driller Inc.
and Hole-Maker Ltd, at the a=0.10 level of confidence.
We plan to allow each of 36 employees to drill one hole
with a 3 cm. bit into a 4 inch thick disk of stainless steel
with one machine supplied by each manufacturer. From
historical records, we know the standard deviation of
the differences holes drilled with a 3 cm. bit into 4-inch
thick disks of stainless steel by an employee with
machines provided by the two suppliers is 0.100. The
actual diameters of the thirty-six holes drilled by the
employees with each machine are provided on the
following slide.

Driller Inc. Hole-Maker Ltd

Emp Diam| Emp Diam| Emp Diam Emp Diam| Emp Diam| Emp Diam
Num (cm.)| Num (cm.)| Num (cm.) Num (cm.)| Num (cm.)| Num (cm.)
42 291 59 3.02 63 298 | | 42 2.98 59 31 63 3.14
18 3.02 | 163 294 | 144 284 | | 18 293 | 163 290 | 144 31
37 292 | 299 2.88 | 177 3.00 L 37 3.02 | 299 3.00 | 177 3.08
125 295 | 178 294 | 260 3.04 125 3.04 | 178 3.05 | 260 2.96
98 3.01 | 105 289 | 204 294 : 98 297 | 105 3.06 | 204 2,99
211 3.04 88 3.01 161 289 | 211 3.01 88 3.20 | 161 3.09
57 3.00 | 123 293 | 194 3.04 | | 57 3.07 | 123 3.00 | 194 297
186 2.89 | 136 2.98 26 306 | | 186 3.02 | 136 3.07 26 298
142 297 | 112 3.04 | 133 3.02 | | 142 3.09 | 112 297 | 133 3.14
8 297 | 237 299 94 2.95 8 298 | 237 297 94 2.99
245 294 | 256 292 | 145 295 [ 245 296 | 256 3.14 | 145 3.1
139 291 40 298 | 203 3.04 [ ] 139  3.07 40 2.95 | 203 3.08




Since we have matched observations (an individual
employee drills a hole with each of the two machines
supplied) we first must calculate d; = x; p; - X; ;1 for each

employee:
Diameter Diameter Diameter

ployee (em.) ployee (cm.) p (em.)
42 -0.07 59 -0.09 63 -0.16
18 0.09 163 0.04 144 -0.27
37 -0.10 299 -0.12 177 -0.08
125 -0.09 178 -0.11 260 0.08
98 0.04 105 -0.17 204 -0.05
211 0.03 88 -0.19 161 -0.20
57 -0.07 123 -0.07 194 0.07
186 -0.13 136 -0.09 26 0.08
142 -0.12 112 0.07 133 -0.12

8 -0.01 237 0.02 94 -0.04
245 -0.02 256 -0.22 145 -0.16
139 -0.16 40 0.03 203 -0.04

* State the Null and Alternative Hypotheses
H;:pg=0
H;:pg=0

* Select the Appropriate Test Statistic - n = 36 > 30 and we
know the population standard deviation o, so use

* State the Desired Level of Significance a, Find the
Critical Value(s) and State the Decision Rule

a=0.10 and we have a two-tailed test, so Zyp = £1.65
£(z) 0.5-0/2=0.45 0.5-a/2=0.45

q/2=0.05 a/2=0.05

90% Do Not
Reject Region

Reject Regiof RejeetRegion
D, 42,04 D, =0 D, 42,0, d
z%fi:lAGS 0 }z(} =1.65 z

Decision rule - do not reject H if -1.65 <z <1.65
otherwise reject H,




Calculate the Test Statistic
” d-D, _ -0.0667 -0.00
"oy, B ().1y
P
_ -0.0667 —4.00
0.01667

Use the Decision Rule to Evaluate the Test Statistic and
Decide Whether to Reject or Not Reject the Null
Hypothesis

“Zop %252, , i, -1.96 £ -4.000 <1.96

so reject H, - There is strong evidence of a difference in
the sizes of holes drilled by an employee on the two
machines.

What if the sample of matched differences is small (n <
30) and the standard deviation o4 is unknown?

3. Interval Estimate of the population mean difference
between matched observations x4, - Small Sample
Case (n < 30) when the population is normal and
population standard deviation o4 is unknown.

-4 Sq
Ttz = d+ L //—n

where 1 - a is the confidence coefficient and df =n -1
is the degrees of freedom.

ol

Example: Suppose we wish to assess the difference of
actual diameters of holes drilled with a 3 cm. bit into 4
inch thick disks of stainless steel with machines
supplied by two manufacturers, Driller Inc. and Hole-
Maker Ltd, at the 90% level of confidence. We plan to
allow each of 16 employees to drill one hole with a 3 cm.
bit into a 4 inch thick disk of stainless steel with one
machine supplied by each manufacturer. From historical
records, we know the differences in holes drilled with a
3 cm. bit into 4-inch thick disks of stainless steel by an
employee with machines provided by the two suppliers
is normally distributed. The actual diameters of the
sixteen holes drilled by the employees with each
machine are provided on the following slide.




Driller Inc. Hole-Maker Ltd

Emp Diam | Emp Diam Emp Diam | Emp Diam
Num (cm.) | Num (cm.) Num (cm.) | Num (cm.)
42 291 59 302 | 42 2.98 59 31
18 3.02 | 163 294 | | 18 293 | 163 290
37 292 | 299 2.88 37 3.02 | 299  3.00
125 295 178 294 [ 125 3.04 178 3.05
98 3.01 105 2.89 : 98 297 105 3.06
211 3.04 88 301 | 21 3.01 88 3.20
57 3.00 123 293 | | 57 3.07 123 3.00
186 2.89 136 2.98 186 3.02 136 3.07

Since we have matched observations (an individual
employee drills a hole with each of the two machines
supplied) we first must calculate d; = x; p; - X; iy for each
employee:

Diameter Diameter
Employee (cm.) Employee (cm.)
42 -0.07 59 -0.09
18 0.09 163 0.04
37 -0.10 299 -0.12
125 -0.09 178 -0.11
98 0.04 105 017
211 0.03 88 -0.19
57 -0.07 123 -0.07
186 -0.13 136 -0.09

Since we are interested in assessing the mean difference
in holes drilled with the two machines by the
employees, we do not know the population standard
deviation 6,4, and we have taken a small (n =16 < 30)
random sample of matched observations from a normal
population, we can build a confidence interval for the
mean difference in the holes drilled with the two
machines by the employees

d+ tu,’z‘dfsfl
Since we have N
d
d=4i1_= 110 _ -0.06875
n 16

and

n 2
Z(d‘ -d) _1.18728

=0.079152




and

=S4/ =0.07928/ __ =0,019788
=Y 7

and
tonat = Zoaoj2.16-1 = Zoosas = 1.753
...S0
d=+ to)2,a85
=-0.06875+1.753(0.019788)
=-0.06875+0.034688

= (-0.10344, -0.03406)

90% of all confidence intervals estimated in a similar
manner on random samples of the same size taken from
these two populations will contain the true value of 4
(note that this interval does not contain 0).

. Hypothesis Testing of the mean difference between
matched observations 4, - Small Sample Case (n > 30)
when the population is normal and the population
standard deviation 6,4 is unknown:

Null and Alternative Hypotheses

Hypg(€=2)D, Hip (<%>)D,

Appropriate Test Statistic

,a_Do

t

Example: Suppose we wish to test that there is no
difference in actual diameters of holes drilled with a 3
cm. bit into 4 inch thick disks of stainless steel with
machines supplied by two manufacturers, Driller Inc.
and Hole-Maker Ltd, at the 0=0.10 level of confidence.
We plan to allow each of 16 employees to drill one hole
with a 3 cm bit into a 4 inch thick disk of stainless steel
with one machine supplied by each manufacturer. From
historical records, we know the differences in holes
drilled with a 3 cm. bit into 4-inch thick disks of
stainless steel by an employee with machines provided
by the two suppliers is normally distributed. The actual
diameters of the sixteen holes drilled by the employees
with each machine are provided on the following slide.




Driller Inc. Hole-Maker Ltd

Emp Diam | Emp Diam Emp Diam | Emp Diam
Num (cm.) | Num (cm.) Num (cm.) | Num (cm.)
42 291 59 302 | 42 2.98 59 31
18 3.02 | 163 294 | | 18 293 | 163 290
37 292 | 299 2.88 37 3.02 | 299  3.00
125 295 178 294 [ 125 3.04 178 3.05
98 3.01 105 2.89 : 98 297 105 3.06
211 3.04 88 301 | 21 3.01 88 3.20
57 3.00 123 293 | | 57 3.07 123 3.00
186 2.89 136 2.98 186 3.02 136 3.07

Since we have matched observations (an individual
employee drills a hole with each of the two machines
supplied) we first must calculate d; = x; p; - X; iy for each
employee:

Diameter Diameter
Employee (cm.) Employee (cm.)
42 -0.07 59 -0.09
18 0.09 163 0.04
37 -0.10 299 -0.12
125 -0.09 178 -0.11
98 0.04 105 017
211 0.03 88 -0.19
57 -0.07 123 -0.07
186 -0.13 136 -0.09

State the Null and Alternative Hypotheses
H;:p=0
H;:py#0

Select the Appropriate Test Statistic - n =16 < 30 and we
know the population is normal, but we do not know the
population standard deviation o, so use

d-D, d-D,

= Sd/ -
/ \/;

t=
Sa




* State the Desired Level of Significance o, Find the
Critical Value(s) and State the Decision Rule

a=0.10 and we have a two-tailed test with n-1=15 degrees
of freedom, so t,, ;5 = +1.753

£(t) 0.5-0/2=0.45 0.5-a/2=0.45

@/2=0.05 a/2=0.05

90% Do Not
Reject Region

Reject Regiotr —Rejeet-Region
D, — t%,dfsa D 0o = 0 D, + t./,/z/,dfsa d
"ty = 11753 0 e, 4 =1.753

Decision rule - do not reject H, if -1.753 < t <1.753
otherwise reject H,

¢ Calculate the Test Statistic
B d-Dp, -0.06875-0.00

t = =
Sy 0.07915%
i 716

_ -0.06875
0.01979

=-3.474

* Use the Decision Rule to Evaluate the Test Statistic and
Decide Whether to Reject or Not Reject the Null
Hypothesis

“tomar St<typ g, ive, -1.753 % -3.474 <1.753

so reject H, - There is strong evidence of a difference in
the sizes of holes drilled by an employee on the two
machines.

Note that all we have actually done with matched
observations is to define a new variable d where d; = x;;
- X;, and treat this variable as we did other single
quantitative variables when building confidence
intervals (Chapter 8 of ASW) and testing hypotheses
(Chapter 9 of ASW)!
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D.Differences between Proportions of Two
Populations - Independent Samples

Let p, be the proportion of population 1 and p, be the
proportion of population 2

We can write the difference between the two population
proportions as p; - p, .

To make a point estimate of the difference between the
two population proportions p; - p, we take independent
samples of sizes n, and n, from the two populations and
calculate

n n,
Xxl,i sz,i
_ =t

Pi-P2=
n

n

1 2

The standard error of the sampling distribution of
P1-P.is
Pi(1-p) , P2 (1-P:)

= 223 TR e e/

- -
A
n, n,

Of course, we again encounter the problem of trying to
use p; and p, to estimate p; and p,!

Fortunately, if the sample sizes are relatively large - np,,
n(1 - p,), np,, and n(1 - p,) all are at least 5 - we can use

Sy0, = 131(1'51)_'_?2(1'152)
) n, n,




(ﬁl - ﬁz ) + Zu/’ZSEI-ﬁ

1. Interval Estimate of the difference between the two
population means p;, - p, - Large Sample Case (np; >
5,n(l-p,) 25 np,25,andn(1-p,) 25):

P1-P2

theres _\/pl(l'p1)+pz(1'pz)

n, n,

and 1 - a is the confidence coefficient.

Example: Suppose we wish to assess the difference in
employment rates for Whatsamatta University
accounting and marketing majors ten weeks after they
receive their bachelors degrees at the 95% level of
confidence. The Alumni Relations Department collects
independent random samples of 50 accounting majors
and 45 marketing majors who graduated ten weeks ago
and records information about each selected alumnus.
Twenty-five of these accounting majors and thirty of
these marketing majors were employed ten weeks after
their graduation.

Since we are interested in assessing the difference in
proportions of the two groups and we have taken large
(mpacr 25, n(1 - pacr) 25 npyr 2 5, and n(1 - pykr) 2 5)
independent random samples of the two groups, we can
build a confidence interval for the difference between
the two population proportions p, ¢y - Pykr:

(pACT = Pmxr ) + Zn,’zs Pacr -Pumkr

= \/pACT (l_ﬁACT) + ISMKT (1_ﬁMKT)

nACT nMKT

where s

Pacr -Pmkt

Since we have

Xacr XMKT
=5 -2 _050 and P == g6
AT 5 Ny 5




and

s =\/§ACT (1-15ACT) +§MKT (1_§MKT)
Pacr-Puvkr

rlACT nMKT

_ \/0.50(1 -0.50) _ 0.667(1-0.667)
50 45

=/0.004938 +0.00500

=0.099691

and

Zoyy = Zogsr = Zogps = 1.96

...S0
(ISACT - §MKT ) * Z4)28 B ycr-Paicr
= (0.500 - 0.667) + 1.96(0.099691)
=-0.1667 £ 0.195394
= (—0.36206,0.028727)

If we took independent random samples repeatedly, 95
percent of the confidence intervals we would construct
from these samples would contain the true difference in
the population proportion of accounting students and
population proportion of marketing students employed
after ten weeks - note the interval does contain zero
(barely).

2. Hypothesis Testing of the difference between
proportions p, - p, - Large Sample Case (np; 25, n(1 - p,)
25, np, 25, and n(1 - p,) 2 5):

- Null and Alternative Hypotheses

Hyip-p,(£=2)D, H;:p,-p,(<=>)D,

- Appropriate Test Statistic

(131_132)_Dﬂ= (131'1732)'130
Sp.-p2 \/f)l(l_ﬁl) +§2 (l'f’z)

n n

1 2




Example: Suppose we wish to test that there is no
difference in employment rates for Whatsamatta
University accounting and marketing majors ten weeks
after they receive their bachelors degrees at the ¢=0.05
level of significance. The Alumni Relations Department
collects independent random samples of 50 accounting
majors and 45 marketing majors who graduated ten
weeks ago and records information about each selected
alumnus. Twenty-five of these accounting majors and
thirty of these marketing majors were employed ten
weeks after their graduation.

State the Null and Alternative Hypotheses
H,: pacr - Pvxr =0
Hy: pacr - Puir # 0

Select the Appropriate Test Statistic - np,cr =5,
n(1 - pacr) 25 npykr 2 5, n(1 - pykr) 25, so use

(f)ACT B I3MKT) - Du

Pact-Pvkr

State the Desired Level of Significance o, Find the
Critical Value(s) and State the Decision Rule

a=0.05 and we have a two-tailed test, so z,, = +1.96

£(z) 0.5-0/2=0.475 0.5-0/2=0.475

®/2=0.025 a/2=0.025

95% Do Not
Reject Region

D, — Zo/S5,5: D 0 0 D, + Zo/S0,7: P.-P,

o 7‘:1496 0 +z(} =1.96

Decision rule - do not reject H, if -1.96 <z <1.96
otherwise reject H,




¢ Calculate the Test Statistic

Z=(ﬁ~\CT_ﬁMKT)_DU = (ﬁACT_ﬁMKT)-Dn
S Pacr Pur \}FACT (1 “Pacr ) + Pukr (1 - ﬁ\(KT)
Nacr Nyt
_ (0.500-0.667)-0.000 __-0.167 =-1.68
\/0.500(1 -0.500)  0.667 (1-0.667) 0.099691
50 45

¢ Use the Decision Rule to Evaluate the Test Statistic and
Decide Whether to Reject or Not Reject the Null
Hypothesis

-2,,<2<27,,,ie,-1.96<-168 <196

so do not reject H, - there is insufficient evidence of a
difference in the proportion of Accounting and
Marketing majors who are employed ten weeks after
graduation - note that at «=0.10 we would reach a
different conclusion (barely).




